Abstract. A positive integer n is said to be harmonic when the harmonic mean H(n) of its positive divisors is an integer. Ore proved that every perfect number is harmonic. No nontrivial odd harmonic numbers are known. In this article, the list of all harmonic numbers n with H(n) ≤ 300 is given. In particular, such harmonic numbers are all even except 1.
Introduction
A positive integer n is said to be perfect if σ(n) = 2n, where σ(n) denotes the sum of the positive divisors of n. It is an open problem whether or not an odd perfect number exists. In this connection, Ore [8] introduced the concept of harmonic numbers. A positive integer n is said to be harmonic if the harmonic mean of its positive divisors
is an integer, where τ (n) denotes the number of the positive divisors of n. Ore proved the following fact which represents the relationship between perfect numbers and harmonic numbers.
Theorem 1.1 ([8]). Every perfect number is harmonic.
The converse of this theorem does not hold. For example, 140 is not perfect, but H(140) = 5. Ore listed all harmonic numbers up to 10 4 and this list was extended by Garcia [5] to 10 7 and by Cohen [2] to 2·10 9 . No nontrivial odd harmonic numbers have been discovered. Ore conjectured the following statement. If this conjecture holds, it follows that odd perfect numbers do not exist.
Conjecture. All harmonic numbers other than 1 must be even.
Kanold [7] showed the following fact.
Theorem 1.2 ([7]). For any positive integer c, there exist only finitely many numbers n satisfying H(n) = c.
In [6, B2] , Guy wrote: "Which values does the harmonic mean take? Presumably not 4, 12, 16, 18, 20, 22, . . .; does it take the value 23?" Cohen [2] settled the first of these questions for the first two values.
Ore [8] proved the nonexistence of harmonic numbers n with ω(n) = 1. In 1973, Pomerance proved that a harmonic number n with ω(n) = 2 must be an even perfect number (cf. [10] ), and Callan [1] rediscovered the proof of the same fact in 1992.
Theorem 2.3 ([8]).
Let n be a harmonic number greater than 6. Then n is not squarefree.
Theorem 2.4 ([3]). For any integer n, H(n) > 2 ω(n)+1
ω(n) + 1 , with the following exceptions (in which p denotes a prime): n = p, n = 2p, n = 6p (p = 3), n = 30p (7 ≤ p ≤ 23), n = In order to prove Theorem 2.5, we provide the following lemma, which is often used later. Let p be a prime and let Q be a rational number. Suppose that Q = p e m/n with p mn. Then we denote by ord p (Q) the exponent e in this paper.
Lemma 2.6. Let p be an integer (not necessarily prime). If p ≡ 1 (mod 4), then
If p ≡ 3 (mod 4) and ord 2 (p + 1) = m, then Lemma 2.6 is a standard fact. For example, see [9] . The following simple proof is due to Koichi Tanaka, an undergraduate student of Kyushu University.
Proof of Lemma 2.6 . Let e + 1 = 2 k l, where k is an integer and l is odd. The statement is clear when k = 0. Suppose that k ≥ 1. Then
The last part of this expression (p l − 1)/(p − 1) = p l−1 + · · · + p + 1 is odd, and the rest of the parts are all even. In particular, p
Now, the proof is complete.
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General algorithm
In this section, we give the general algorithm of searching all integers n satisfying H(n) = c for a fixed integer c. Roughly speaking, it has three steps.
(1) List the possibilities of ω(n), the number of distinct primes dividing n. This algorithm finishes in finite time, but not always in reasonable time. We can make this time shorter, using Propositions 1.4 and 1.5, Lemma 4.1, and some methods explained in §5.
3.1. Possibilities of the numbers of distinct primes. Recall that we denote the number of distinct primes dividing n by ω(n). Suppose that n is harmonic. Then either n is an even perfect number or ω(n) ≥ 3 by Theorem 2.2. And Theorem 2.4 gives an upper bound of ω(n). But in order to get the upper bound, we may use the following method.
For example, suppose that Cohen and Deng [4] have already given the inequality H(n) ≤ τ (n) − 1 for harmonic numbers n. Using Theorem 1.3, they also showed H(n) ≤ τ (n) − 8 when n is an even harmonic number and n = 6, 28, 140, 496, 8128. An improved result is possible using the main result of this paper.
3.3. Possibilities of primes. We define S(n) = σ(n)/n. Let p, q be primes and e, f positive integers. If p < q and e < f, then it is easily verified that
Suppose that the type of exponents of n is (e 1 , . . . , e r ). Then τ (n) = (e 1 + 1) · · · (e r + 1). Since H(n) = c, which is fixed,
In this way, we have the finite possibilities of the second smallest prime dividing n, third smallest prime, and so on.
Example.
Suppose that H(n) = 5 and n is not an even perfect number. Then the type of the exponents of n must be (2, 1, 1). So we have τ (n) = 3 · 2 · 2 = 12 and
= 208/105 < 12/5, a contradiction. Therefore it follows that 2 | n. Next, if the second smallest prime dividing n were greater than 5, then S(n) ≤ S(2 2 · 7 · 11) = 24/11 < 12/5, a contradiction. Therefore it follows that the second smallest prime dividing n is 3 or 5. By Proposition 1.5, we have 5 | n. If 3 | n, then the possibilities of n are 2
2 ) = 31/20, but this does not have a solution. Similarly, there does not exist a solution in the case that n = 2 · 5 · p 2 . Hence all the solutions of H(n) = 5 are 140 and an even perfect number 496. We remark that Cohen and Sorli [3] have given a simpler proof of this fact, but their proof is not as algorithmically viable.
Proof of Proposition 1.4
In this section, we give the proof of Proposition 1.4.
Lemma 4.1. If H(n) is even, then n is even.
Proof. Let p be an odd prime and e a positive integer. Then ord 2 (H(p e )) ≤ 0 by Lemma 2.6. Hence H(n) cannot be even for an odd integer n.
The following lemma is a special case of Lemma 5 in Cohen and Deng [4] .
Lemma 4.2. Let e, f be nonnegative integers and p, q primes. If e < f and p < q,
Proof of Proposition 1.4. We give only the proof of the first statement. The second statement can be proved similarly. Let H(n) = 2p. In view of Lemma 4.1, it is sufficient to show that p | n. Assume that p n. Then p | τ (n) since nτ (n) = 2p σ(n). We put n = q kp−1 m with a prime q and positive integers k and m. We can assume without loss of generality that q m. Since ω(n) ≥ 3 by Theorem 2.2, it follows that ω(m) ≥ 2. So we have 
Claim. There does not exist an integer m satisfying 2.4999 < H(m) < 2.5. (iv) Assume that n = 2 p−1 m with 2 m. Since 
Therefore we have
Hence the odd integer 2 p − 1 is equal to either one of p 1 , p 2 or the product
which has no solution. If 2
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Hence we have p 1 p 2 +1 = (p 1 +1)(p 2 + 1), a contradiction. Now, all the possibilities of p n are denied, so the proof is complete.
Only solution of H(n) = 14
In this section, we show that n = 18620 is the only solution of H(n) = 14 using Proposition 1.4. For such an integer n, it follows that ω(n) ≥ 3 and 14 | n by Theorem 2.2 and Proposition 1.4. Let
We have 1 ≤ s ≤ 9 since H(2 10 · 7 · 3) > 14. Similarly we have 1 ≤ t ≤ 7. Table 2 is the table of H(2 s ). Suppose that s = 9 and n = 2 9 · 7 t m with (m, 14) = 1. Since H(n) is an integer, it is necessary that 31 | τ (n) or 31 | m. Assume that 31 | τ (n). Then n has a prime raised to 30th power or higher as a factor. In this case, H(n) > H(2 9 · 3 30 ) > 14, a contradiction. In the case that 31 | m, we also have H(n) ≥ H(2 9 · 7 · 31) > 14. In this way, the possibilities of s = 7, 8, 9 are denied.
In the case that s = 6, it is necessary that 127 | n. We put n = 2 6 · 127 u m, where u is a positive integer and (m, 254) = 1. If u is odd, then ord 2 (H(n)) ≤ 0 by Lemma 2.6, hence it is impossible that H(n) = 14. If u is even, then H(n) ≥ H(2 6 
In other cases, H(m) > 1.7.
Suppose that s = 5 and n = 2 5 · 7 t m with (m, 14) = 1.
. Assume that t = 1. Then H(m) = 14/H(2 5 · 7) = 1.31 · · · , a contradiction to Lemma 5.1. Therefore the possibility of s = 5 is denied.
Next, we give Table 3 , the table of H(7 t ). The possibilities of 4 ≤ t ≤ 7 are denied by an argument similar to that of the cases of 7 ≤ s ≤ 9. Assume that t = 1 and n = 7m with 7 m. Then H(m) = H(n)/H(7) = 8. By Theorem 1.3, we have m = 2 5 · 3 · 7. But this is a contradiction to 7 m. Hence t = 2 or 3. When t = 3, it is necessary that s = 3 since ord 2 (H(7 3 )) = −2. The remaining possibilities are s = 3, t = 2, 3, or s = 1, 2, t = 2. Suppose that s = 3 and n = 2 3 · 7 t m, where (m, 14) = 1 and t = 2 or 3. First, assume that t = 3. Since H(2 
2 · 19 · 5) = 1.28 · · · , a contradiction. We have checked all possibilities; hence 18620 is the only solution of H(n) = 14.
Open problems
The problems in this section are proposed by the pioneers or the authors.
Problem 1. Does a nontrivial odd harmonic number exist?
Ore conjectured that the answer is "no". If the conjecture is true, then odd perfect numbers do not exist.
Problem 2.
Are there infinitely many harmonic numbers? How about harmonic seeds?
It seems that the answer to this problem is "yes", but it is not clear. On this topic, the authors' question is as follows.
Problem 3.
Are there infinitely many harmonic seeds n with ω(n) = 3? If not, find all such n. Does an odd one exist?
All such numbers which the authors know are n = 270 with H(n) = 6, n = 672 with H(n) = 8, and n = 6200 with H(n) = 10. How about the same problem with ω(n) = 4, 5, . . . ? Note that there exist only finitely many harmonic numbers with a fixed type of exponents, because of the inequality H(n) < τ(n) and Theorem 1.2.
Cohen and Sorli [3] conjectured that a harmonic seed of a harmonic number is always unique.
Problem 4. Does every harmonic number have a unique harmonic seed?
We say that n is powerful if p | n implies p 2 | n, where p is prime. Cohen and Sorli [3] implied that nontrivial harmonic numbers are not powerful.
Problem 5. Does a nontrivial powerful harmonic number exist?
It is showed that there are no nontrivial powerful harmonic numbers less than 10 12 in [3] . Euler showed that the factorization of an odd perfect number must have the form p e p Nontrivial harmonic numbers listed in Table 4 are perfect numbers or abundant numbers. In other words, if H(n) is integral and 1 < H(n) ≤ 300, then S(n) = σ(n)/n ≥ 2.
Problem 6. Does a nontrivial deficient harmonic number exist?
A harmonic number n is deficient if and only if H(n) > τ(n)/2. Cohen and Deng [4] remarked that H(n) < 2τ (n)/3 for an even harmonic number n.
A positive integer n is said to be arithmetic if the arithmetic mean of its positive divisors A(n) = σ(n)/τ (n) is an integer. For example, odd primes are arithmetic. Ore observed that almost all (small) harmonic numbers n with ω(n) ≥ 3 are arithmetic and conjectured that all such numbers are arithmetic. But he soon found the counterexample 950976. Such counterexamples are marked with an asterisk in Table 4 . On this topic, the following facts hold.
Proposition 6.1. Let n be harmonic. Then n is arithmetic if and only if H(n) | n.
In particular, even perfect numbers are not arithmetic.
Proof. The first statement is clear from the equation H(n)A(n) = n. Since H(n) = p for an even perfect number n = 2 p−1 (2 p −1), the second statement is also clear.
In view of Proposition 6.1, Proposition 1.5 says: "If H(n) is a prime and n is not an even perfect number, then n is arithmetic." And the first statement of Proposition 1.4 says: "If H(n) is a double of a prime, then n is arithmetic."
Problem 7.
Assume that H(n) is a triple of a prime. Is n arithmetic?
If H(n) is a triple of a prime and less than 300, then n is arithmetic. But it is not clear whether or not 3 divides n when H(n) > 300. 
